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Abstract 

Kolmogorov’s similarity hypotheses and his 4/5 law are valid at 
very large Reynolds numbers. For flows encountered in the 
laboratory, the effect of a finite Reynolds number and of the 
inhomogeneity associated with the large scales can affect the 
behaviour of inertial range scales significantly. This paper 
focuses on the source of inhomogeneity in two types of flows, 
those which are dominated mainly by a decay of energy in the 
streamwise direction and those which are forced, usually through 
a continuous injection of energy at large scales. Results based on 
a parameterization of the second-order velocity structure function 
indicate that the normalized third-order structure function 
approaches 4/5 more rapidly for forced than for decaying 
turbulence. These trends are supported by measurements and 
numerical data in these two flow types. 

 

Introduction 

There is little doubt that the similarity hypotheses proposed by 
Kolmogorov [36] (or K41) and their subsequent revision ([38] or 
K62) have had a major impact on turbulence research (e.g., 
[11,13,26,47,49,50,58,61]). A fundamental element of these 
hypotheses is the assumption that the small scale motion, which 
includes the dissipative and inertial ranges, is isotropic. Also, 
K41 and K62 require that the Reynolds number is very large so 
that the small scale motion is independent of the invariably 
anisotropic large scale motion. The major outcome of the first 
similarity hypothesis is the prediction  

( *) ( *) ,n
unu f rδ〈 〉 =  

          (1) 
where the increment ( ) ( )u u x r u xδ ≡ + −  ( u  is the velocity 

fluctuation along x ; the separation r is aligned with x, and the 
angular brackets denote averaging). For each value of n, unf  is a 

universal function, in the sense that it is expected to depend only 

on * /r r η≡  ( ( )1
3 4/vη ε≡  is the Kolmogorov length scale, v  

is the kinematic viscosity and ε  is the mean energy dissipation 

rate). The asterisk denotes normalization by the Kolmogorov 

velocity scale ( )1/ 4
Ku ν ε≡  and/or η. The second similarity 

hypothesis yields the famous inertial range ( r Lη � � ; L  is an 

integral length scale) result  

3( *) *
n

n
unu C rδ = , 

          (2a) 
when K41 is used ( unC   is a universal constant). With K62, 

†( *) * unn
unu C r ζδ = , 

          (2b) 
where the exponents unζ  may depart from / 3n  due to the effect 

of intermittency in the dissipation rate ( †
unC  may differ slightly 

from unC ). 

An important “exact” relation between  2( )uδ   and  3( )uδ   

was obtained by Kolmogorov [37], starting with the 

Karman−Howarth [35] equation for homogeneous isotropic 
turbulence, 

3 2( ) 4 /5 6 ( )
d

u r u
dr

δ ε ν δ− = − ⋅  

          (3) 
A detailed derivation of Eq.(3) was provided by Batchelor [11]. 
More recently, the assumptions underlying the Kolmogorov 
equation have been revised [26,41] and formalized more 
rigorously [32]. A matched asymptotic expansion approach has 
been used by Lundgren [44] to obtain the same result. In the 
inertial range, the viscous term can be neglected and (3) reduces 
to the 4/5 law, viz. 

( )3( ) 4 /5u rδ ε− =   or  ( )3( *) 4 /5 *u rδ− = . 

          (4) 
It is important to underline that (3) and (4), as well as the 
hypotheses in K41 and K62, apply only at very large Reynolds 
numbers. It is not surprising, therefore, that for flows normally 
encountered in the laboratory, Eq.(1) appears to be satisfied only 
in the dissipative range (typically * 10r ≤ ) (see §7 of [19] and 

[53]); although the evidence is not altogether convincing 
especially when the isotropic form of ε , viz 

( )2

iso
15 u xε ν= ∂ ∂  

          (5) 
is used in forming *uδ  and *r . With a few exceptions, the 
laboratory data also indicate an asymptotic approach to Eq.(2a) 
(or Eq.(2b)) and Eq.(4) as the Reynolds number (usually 

represented by Rλ  and defined by 
1

2 2 /u λ ν , where λ  is the 

Taylor microscale ( )
11

22 22 / /u u x∂ ∂ ) increases. When  Rλ   is 

finite, deviations from Eqs.(2), (4) and indeed (5) can be quite 
significant. When Rλ  is fixed, the deviations may also depend on 

the nature of the flow, thus casting doubt on any claim of 
universality. For the same flow and Rλ, departures from Eqs.(2) 
and (5) can still depend on the initial conditions that are used. It 
seems reasonable to ascribe these deviations to a lack of 
homogeneity in laboratory flows, the source of inhomogeneity 
depending on a number of parameters, such as the Reynolds 
number, type of flow and initial conditions. 
In deriving Eq.(3), Kolmogorov ignored the nonstationary or 
nonhomogoneous term (space or time derivative term, 
respectively). This term has since been considered by a number 
of authors (e.g., Danaila et al [21], Lindborg [41], Qian [54,55], 
Lundgren [43]) in the context of decaying homogeneous isotropic 
turbulence. There have also been attempts at identifying this 
nonstationarity in more complicated flows, e.g. the centreline 
region of a fully developed channel flow (Danaila et al. [22]), a 
homogeneous uniform shear flow (Casciola et al. [18], Danaila et 
al. [20], Qian [55,56]) and the region near the axis of a circular 
jet (Danaila et al. [24]). Forcing has been used in physical 
experiments (e.g., Moisy et al. [46]) to achieve stationarity. 
Stationary isotropic turbulence is often studied numerically by 
adding a forcing term to the Navier−Stokes equation (e.g., 
[26,30]).  



 

It should also be recalled that, at the relatively large Reynolds 
numbers which occur in the atmospheric surface layer, the 
evidence in support of the “4/5” law is rather inconclusive. This 
is partly due to the uncertainty in estimating ε . The data of 

Sreenivasan and Dhruva [60] for 410Rλ �  indicated, however, 

that there is no discernible range over which 3( )d u drδ  is 

constant over a convincing range. This raises some concern since 
the existence of the inertial range has been traditionally linked to 

the linear increase of 3( )uδ  with r. These authors further noted 

that an inertial range could not be identified unambiguously from 
the local slopes of the even-order moments of uδ . They also 

stressed the difficulty of discussing the scaling of ( )nuδ  

effectively without first understanding the effects of finite shear 
and finite Rλ . The previous observations can only fuel 

speculation about the meaningfulness of the scaling exponents 
that have been inferred from laboratory data and also the 
corresponding inferences regarding the departures of these 
exponents from the K41 predictions. For example, Lindborg [41] 
noted that “in order to test intermittency theories experimentally, 
it is necessary to recover Kolmogorov’s law with good accuracy 
in a sufficiently broad range of scales. Otherwise there is no 
reason to put faith in possible observed deviations from the K41 
theory”. 
In this paper, the focus is almost exclusively on the effect the 
inhomogeneity has on what is loosely referred to as the scaling 
range or restricted scaling range. We adopt the approach 
previously used by Danaila et al. [21−23], which consists in 
extending Eq.(3) to a statement which, in essence, expresses a 
scale-by-scale energy budget for a particular flow. Previously 
published data as well as new measurements for grid turbulence 
and along the axis of a circular jet are examined with the aim of 
quantifying possible differences in the inhomogeneity among 
various flows. Specifically, we distinguish between flows which 
are dominated by the decay of turbulent energy along the main 
flow direction⎯such as grid turbulence, jets and wakes⎯and 
flows which have been forced. In experiments, forcing can be 
achieved by stirring the flow with moving boundaries [46], 
introducing body forces or with zero-net mass-flow-rate jets 
[14,32]. In numerical simulations, it is usually achieved by 
continuously injecting energy at low wavenumbers [30]. We also 
examine how the asymptotic K41 result may be reached in these 
two flow categories. 
 
Inhomogeneity in Decaying and Forced Flows 

In this section, we give examples of how the inhomogeneity can 
affect relation (3) in decaying flows. The modified form of this 
relation can be written as 

3 2( ) 4 /5 6 ( ) u

d
u r v u I

dr
δ ε δ− = − +  

          (6) 
where uI  represents the inhomogeneity associated with the large 

scale motion. For decaying grid turbulence, [21]  

( )24 4

0

3 /
r

u

d
I U r u d

dx
ω δ ω≡ ∫  

          (7a) 
where U  is the mean velocity in the x  direction and ω  a 
dummy integration variable. For forced turbulence, Moisy et al 
[46] obtained (using [51]) 

32 / 7 /u fI r Lε≡ − , 

          (7b) 
where fL  is an integral scale which characterises the forcing. A 

similar expression is given by Gotoh et al [30] and Fukayama et 

al [26]. Since uI  is negative, its presence in Eq.(6) is to keep the 

magnitude of 3( )uδ−  below its asymptotic value of 4 5ε . 

As a consequence, measured values of ( )3*uδ−  cannot exceed 

4 * /5r , unless ε  is evaluated incorrectly. Note that Eq.(6) 

should provide a more reliable indirect means of estimating ε . 

A more general form of Eq.(6) is the corresponding transport 
equation for the energy structure function  

( ) ( ) ( ) ( )2 2 2 2
q u v wδ δ δ δ≡ + +  (v and w are velocity 

fluctuations in the y and z directions, respectively), e.g. [24], 

( ) ( )2 2
4 / 3 2 q

d
u q r q I

dr
δ δ ε ν δ− = − +  

          (8) 
with   

( ) ( )22 2

0

2 /
r

q

d
I U r q d

dx
ω δ ω≡ ∫  

          (9) 
for decaying homogeneous isotropic turbulence. Note that now 
4/5 has been replaced by 4/3. One advantage of Eq.(8) over 
Eq.(6) is that it allows a more meaningful comparison with the 

transport equation for ( )2δθ , where θ  is the scalar fluctuation 

(e.g. [3]). Another advantage, [21], is that, for small r , it is 
consistent with a more general form of ε  than 

iso
ε , i.e. 

( ) ( ) ( )2 2 2
3 / / /

q
u x v x w xε ν= ∂ ∂ + ∂ ∂ + ∂ ∂  

          (10) 
whereas, at sufficiently large r , it reproduces the turbulent 
energy budget, viz. 

2

2

d qU

dx
ε = −  

          (11) 
(without the need to assume isotropy at large scales, i.e. 

2 23q u= ; such an assumption is invalidated in most grid 

turbulence experiments because 2u  is typically larger than 

2v  or 2w  by nearly 20%). As noted by Antonia et al [9], the 

presence of uI  in Eq.(6), or qI  in Eq.(8), allows compliance 

with two important classical results. The energy budget is 
retrieved at large r , whilst the decay of ε  or, equivalently, the 

enstrophy in homogeneous turbulence, is correctly reproduced in 
the limit of 0r → . 

For reasons mentioned above we have preferred to validate 
Eq.(8), instead of Eq.(6), using (new) measurements obtained in 
grid turbulence and along the axis of a circular jet. Both these 
flows offer advantages in the present context. In grid turbulence, 

ε  can be inferred reliably from Eq.(11); from an experimental 

viewpoint, this can be exploited usefully, e.g. for assessing any 
possible degradation to the high wavenumber part of the 
spectrum, e.g. [57]. Along the axis of a circular jet it can be 
shown that the structure functions should satisfy similarity, when 
normalized by the energy and Taylor microscale [16]. Because 
Rλ  is constant along the axis, other combinations of normalising 

scales, such as ( 2, Kuη ) and ( 2,L q ), should also result in the 

collapse of the structure functions. 
 
Experimental Details 

The grid turbulence tunnel has a working section of  
350mm 350 mm×  and is 2.4 m  long. A biplane square mesh 



 

grid ( 24.8 mmM =  with 4.76mm  square rods and a solidity of 

0.35)  is placed at the entrance section and measurements are 

made on the centreline at  52x M= , where the turbulence is 
approximately locally homogeneous and isotropic. The mean 
streamwise velocity is about 16ms− . 
The jet exits from a contraction (85:1 area ratio). The exit 
diameter, D, is 55mm . Data are taken on the axis, at a distance 
of 40D downstream of the exit, where the mean velocity in the 
streamwise direction is about 14.5ms− . 
The velocity was measured with in-house hot wires, operated 
with in-house constant temperature anemometer circuits. The hot 
wire ( Pt 10% Rh− ) was etched to a diameter of wd  of 

2.5 mµ and an active length wl  so that the ratio /w wl d  was 

approximately 200.  The CTA circuits were operated at an 
overheat ratio of 1.5, with a cut-off frequency set at 
approximately 15 kHz . The sampling frequency, fs, was 8kHz 

for the grid turbulence and 12.6kHz for the jet measurements 
while the analog filters were set at fs/2. The anemometer signals 
were digitized into a PC using a 16-bit AD board. The 
geometrical angle between the wires was nearly 90� . The 
calibration of the X-wire was performed using a look-up-table 
(LUT) method [15]. A comparison between LUT and the 
effective angle method showed that the former gives more 
reliable results when the velocity is below about 6ms-1. With 
LUT, the velocity and velocity derivative statistics, in both grid 
turbulence and the far field of the circular jet, were in closer (but 
far from perfect) agreement with isotropy than when the effective 
angle calibration was used. Corrections for the spatial attenuation 
of the hot-wires (using the method outlined in Zhu and Antonia 
[64]) and Taylor’s hypothesis (following [34]) have been applied. 
 
Comparison of Experimental and Numerical Data with 
Eqs.(6) and (8) 

All the measured terms in Eq.(8) are shown in Fig.1 (grid 
turbulence) and Fig.2 (jet axis). All terms have been normalized 
by dividing by rε .The determination of ε , as given by Eq 

(10), has been used in each case. For grid turbulence, 
q

ε  was 

within 5% of the value estimated from measurements of 2q  

via Eq (11). Use of 
iso

ε  resulted in Eq (11) being satisfied 

within 10%. In the jet experiment, 
q

ε  was in satisfactory (5%) 

agreement with the measured energy budget along the axis. This 
budget included turbulent advection and production via the 
normal stresses (the turbulent diffusion was found to be 
negligible) but ignored the pressure diffusion term; although 
justification for this latter assumption is lacking, the use of 

iso
ε , instead of 

q
ε , resulted in a 17% imbalance in the 

budget for 2q ). In estimating qI  use was made of similarity 

[7], viz. 

( )2 2 /q q f rδ λ=  

          (12) 

( ) ( )
3

2 2 2 /u q q g rδ δ λ− =  

          (13) 
For grid turbulence, where f  and g  determine the shape of the 

structure functions and are dependent only on /r λ  (not on x),  

( ) ( ) ( )

2

/
32 2 2

0

/ / /

q

r

q

I

d
I U r q f d

dx

λλλ ω λ ω λ′≡ ∫
�������������������

 

( ) ( ) ( )

1

2 /
2 2

0

/ / /

q

r

I

d q
U r f d

dx

λ

λ ω λ ω λ+ ∫
�����������������

.

 

          (14) 
On the jet axis, qI  is given by 

 

( ) ( ) ( ) ( )
1

3

/
22 2 3

2

0

2 / / /

q

r

q q q

I

dU
I I I r q e h d

dx

λ

λ ω λ ω λ≡ + + −∫
�����������������

          (15) 
where 1qI  and 2qI  are indicated in Eq (14). The prime denotes a 

derivative with respect to the similarity variable ( )/ω λ . The 

extra term ( )
3qI  represents the contribution from the difference 

between the longitudinal and radial structure functions, viz. 

( )2 2( ) /u q e rδ λ=  

          (16) 

( ) ( )2 2 /v q h rδ λ=
.
 

          (17) 

In forming ( )2
qδ , we have assumed that ( ) ( )2 2

v wδ δ=  

so that ( ) ( ) ( )2 2 2
2q u vδ δ δ= +  and consequently 

2 2v w= , so that 2 2 22q u v= + . Justification for the 

similarity scales 2q  and λ  was provided by George [29] 

who considered the spectral equations for decaying homogeneous 
isotropic turbulence and also Antonia et al. [7] and Danaila et al. 

[23] who considered the transport equation for ( )2
qδ .  

In the jet, the first term of Eq.(14), 1qI , involving the decay of 

2q , was estimated after applying a least squares fit to the axial 

profiles of 2q  over the range 38 ≤ x/D ≤ 42. The decay of the 

mean velocity was estimated in the same way, for the last term 

3qI . Finally, a fit to the streamwise variation of λ  was used to 

estimate 2qI . A more general definition of qλ (= 25 /
q

qν ε , 

and consequently 
1/ 22 1/ 23qR qλ λ ν=  [2]), which takes into 

account the three velocity components, has been used in 
analysing these data.  
The linear vertical scale in Figs 1 and 2 provides a more severe 
test of how closely Eq.(8) is satisfied by the measurements than 
the logarithmic scale used in previous papers [9,51]. The 
imbalance, or difference between 4/3 and the remaining 
normalized terms in Eq.(8), is satisfactory, especially for Fig.1. 
The imbalance (dashed lines in Figs. 1 and 2) is larger for the jet 
than for grid turbulence. There may be several reasons for this. 
More assumptions were made [24] in the derivation of Eq.(15) 
than for Eq.(7a). The turbulence intensity in the jet is about 25%, 
much larger than that for grid turbulence (2.5%). This may 
introduce an additional uncertainty due to the use of Taylor’s 
hypothesis (although modified, following [34]) and the neglect of 
the binormal component (the out-of-plane velocity component 
not resolved by the X-wire).  
It is noteworthy, however, that at qr λ≈  the balance is almost 

exact, implying that ε  can be estimated from Eq.(8), once the 

second- and third-order structure functions are known. The major 
difference between Figs 1 and 2 reflects, to a large extent, the 
higher value of Rλ  in the jet. Correspondingly, the maximum 



 

value of ( )2
u q rδ δ ε−  is twice as large in Fig.2 than in 

Fig.1. Accordingly, the likelihood of a scaling range is bigger for 
Fig.2 than Fig.1. This range can be very roughly inferred from 
the intersections of the distribution corresponding to this term 
with those for the viscous term and for qI . The locations of these 

crossings are denoted by r
�

 and hr  in the figures. The difference 

( )hr r−
�

 is significant in Fig.2 but negligible in Fig.1, so that a 

scaling range would be most tenuous for Fig.1. The separate 
contributions to qI  are also included in Figs 1 and 2. The major 

contribution comes from 
1qI , the term associated with the 

streamwise decay of 2q ; in this sense, the central region of the 

jet resembles grid turbulence for which this is the dominant term 
(see Eq.(8)). One may expect a similar behaviour to apply along 
the centreline of wakes, but not in a pipe or a channel, because of 
the streamwise inhomogeneity; here, the effect of turbulent 
diffusion along the wall-normal direction cannot be ignored. The 
contributions from 

2qI  are not negligible around qr λ≈  (Fig.1) 

and 10 qr λ≈  (Fig.2). 
3qI  becomes largest at the largest / qr λ . 

The DNS data for box turbulence of Fukayama et al. [26] 
(replotted here on a linear scale) are shown in Fig.3. Results for 
both decaying and forced turbulence, obtained at the same 

( )70Rλ � , are included. There is almost no difference between 

the viscous terms, reflecting the normalization by η (e.g., [2]). 

The maximum value of 3( ) /u rδ ε−  is larger for forced 

turbulence, reflecting the smaller value of Iu in this case. The 
difference between the forced and decaying values of Iu is only 
likely to increase, as Rλ is increased. Unfortunately, DNS data for 
decaying box turbulence at large Rλ are not yet available. That 
the influence of Iu (or Iq) on scales corresponding to the peak in 

3( ) /u rδ ε−  should diminish as Rλ  increases can be readily 

inferred from available data in decaying grid turbulence. The data 
in [62] are reproduced in Fig. 4; although the Rλ range is limited, 
the trend is unmistakable. The magnitude of Iu, estimated here 

from the measured values of * 2( )uδ  and * 3( )uδ  and 

assuming the validity of Eq.(5), decreases with Rλ  at least as 
rapidly as that of the viscous term.  
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Figure 1:  Terms in Eq.(8), divided by rε , for grid turbulence 

( 50Rλ ≈ ). �����������	
����, third-order structure function; ��Iq; ×, 

Iq1; +, Iq2; solid line: calculated third-order structure function using 
Eq.(8); solid thick line: 4/3; dashed line: sum of the viscous term, third-
order structure function term and Iq. 

10
−2

10
−1

10
0

10
1

10
2

0

0.5

1

1.5

r/λ
hom

T
er

m
s 

in
 E

q.
(8

)

r
l

r
h

 
Figure 2:  Terms in Eq.(8), divided by

 
rε , for the jet ( 363Rλ ≈ ). �, 

viscous term; �, third-order structure function; ��Iq; ×, Iq1 ; +, Iq2; ····, Iq3; 
solid line: calculated third-order structure function using Eq.(8); solid 
thick line: 4/3 limit; dashed line: sum of the viscous term, third-order 
structure function term and Iq. 
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Figure 3:  Terms in Eq.(6), divided by rε , using the DNS data of 

Fukayama et al [26] at roughly the same ( )70Rλ � . Filled-in symbols: 

forced turbulence; open symbols: decaying turbulence. �, �: third-order 
structure function; �� 
�Iq; �, �: viscous term; dashed line: sum of the 
viscous term, third-order structure function term and Iq. 
 
For a fixed Rλ , uI  (or qI ) may not be universal, even within the 

same flow type. For example, in the similarity region of decaying 
grid turbulence, the shape of the normalized form of qI  has been 

found to depend on the geometry of the grid [40]. A less sensitive 
dependence on the initial condition at the nozzle exit of a round 
jet has been reported in [17]. In this case the third-order structure 
functions, in the far field of the jet, remained unchanged under 
modified initial conditions. For the wake data of [10] (where 5 
wake generators were used), Fig.5, Iu was inferred indirectly 

from measurements of 2( )uδ  and 3( )uδ  by assuming the 

validity of Eq.(6). Although Rλ is nominally constant in Fig.5, the 

peak of ( )3
/u rδ ε−  and the magnitude of Iu exhibit 

significant variations as the initial conditions are changed. It can 
be argued that different levels of large scale organisation in each 
flow can lead to differences in Iu, and they can produce 
differences in the departure from the 4/5 law. It is not difficult to 

q 

q 



 

imagine that such departures can be reflected in differences in 
scaling exponents (e.g., [10]). The reasonable collapse of the 
viscous term in Fig.5 reflects mainly the constant value of Rλ; an 
improved collapse at small r would be expected if r is normalized 
by η rather than λ. The lack of collapse of the third-order 
structure term in Fig.5 seems all the more significant given that, 
in each wake, Rλ is constant along x, so that a similarity based on 
λ seems appropriate.  
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Figure 4:  Variation with Rλ of the terms in Eq.(5), divided by rε , for 

the grid turbulence data of [62] (Rλ increases between 27 and 100 in the 

direction of the arrows). Solid line: ( ) 13* *u rδ
−

− ; dashed line: Iu 

(calculated by difference from Eq.(6)); dash-dotted line: viscous term; 
dashed horizontal line: 4/5. 
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Figure 5:  Terms in Eq.(6), divided by rε , for the turbulent wake data 

of [10] at nominally the same Rλ(≈200). ����������: circular cylinder. �: 
square cylinder; ×: screen cylinder; +: screen strip; solid line: third-order 
structure function; dash-dotted line: viscous term; dashed line: 
inhomogeneous term, calculated by difference from Eq.(6); dash-dotted 
horizontal line: 4/5. 
 

Distributions of ( )2
u qδ δ−  were calculated from Eq.(8) 

starting with the measured distributions of ( )2
qδ  and 

assuming similarity based on λ  and 2q . The agreement 

between these calculations (solid lines in Figs. 1 and 2) and the 
measurements is quite satisfactory, providing some indirect 

support for the validity of Eq.(8) and the assumptions made in 
estimating its terms. 
 
Extrapolation to Large R� 

Clearly, it is important to ascertain how quickly the maximum 

value of ( )2
u qδ δ−  divided by rε  or 3( )uδ  divided 

by rε  approaches its asymptotic value of 4/3 or 4/5. This has 

been the objective of many investigations. Our main interest here 
is to examine the Rλ dependence of this term in conjunction with 
that for the viscous and inhomogeneous terms in Eq.(8). To this 
end, we follow the approach by Antonia et al. [7] who used a 

description of 2( *)uδ  [25,39] which extends from the smallest 

(Kolmogorov) scale to the integral scale L, 

( )2 2 2 2 * 2( *) * 15 (1 *) /(1 ( * / ) )c c
cuu r r r rδ β −= + +  

          (18) 
where *

cur  is identified with the crossover between the dissipative 

and inertial ranges, ( )1 / 2uc ζ≡ −  and 1*Lβ −≡ . Eq.(18) is 

essentially a modification, for finite Reynolds numbers, of the 

model for 2( *)uδ  first proposed by Batchelor [12] with β=0. 

To obtain 2( *)qδ , use is made of the isotropic relation  

( ) ( )2 2* * *
*

3
d

q r u
dr

δ δ⎛ ⎞= +⎜ ⎟⎝ ⎠
. 

          (19) 

For isotropic turbulence, * 1/ 4 1/ 215 Rλλ = , ( )2 1/ 2* 3/15q Rλ=  

and * 3/ 4 3/ 215L C Rε λ
−≡ , where L has been identified with 

3/ 22 /C qε ε . The dimensionless energy dissipation rate 

parameter Cε  is expected to become constant at sufficiently 

large Rλ but its magnitude should depend on the initial 
conditions. This is true in both experiments, e.g. [4], or 
simulations, e.g. [58] and references therein. In general, one 

expects the shape of * 2( )uδ  ( )( )2*and qδ  to depend on the 

type and level of organisation in a particular flow (e.g. [40]), 
which may in any case reflect the influence of the initial 
conditions. Here, we have assumed a value of 1 for Cε , as in [7]. 

We have also assumed that ( )3/ 4*
215cu ur C≡ , with a value of 2 for 

the Kolmogorov constant 2uC . The K41 value of 2/3 was 

assigned to uζ , i.e. intermittency was ignored (calculations 

taking into account intermittency on 2( *)uδ  did not show 

significant differences). Although 2 ,u uC ζ  and *
cur  may vary 

slowly with Rλ  (e.g. [5]) at small Rλ  we believe that the present 

estimates of uI  (or qI ) and ( )3
uδ−  (or ( )( )2

u qδ δ− ) 

should be sufficiently reliable to provide a first-order indication 
of how the Kolmogorov’s asymptotic result may be approached.  

Calculations of ( )3
/u rδ ε−  are shown in Fig.6 together with 

those for the viscous term and Iu in Eq.(6). As Rλ increases, the 
latter two distributions shift to the left and right respectively, thus 
increasing the relevance of an inertial range. Nonetheless, the 
attainment of such a range requires values of Rλ well in excess of 

410Rλ = . Even at 610Rλ = , it would appear that the extent of 

this range is limited; the difference between ( )3
/u rδ ε−  and 

4/5 is smaller than 1% over 2.8�  decades in /r λ  but the shape 



 

of ( )3
/u rδ ε−  indicates that this quantity exhibits a 

maximum. Perhaps not surprisingly, ( ) 2/ 32* */u rδ
−

 appears to 

reach its assumed asymptotic value of 2 (the Kolmogorov 
constant) at 410Rλ �  (Fig.7). The grid turbulence data 

( 100Rλ = ) of Zhou & Antonia [62] have been included to show 

that relation (18) approximates the measured data adequately.  
The variation with Rλ of the calculated maximum value of 

( ) 13* *u rδ
−

−  is shown in Fig.8. The calculation (solid line) is 

in good agreement with measurements obtained in grid 
turbulence and along the centreline of a circular jet (note that 
here the 4/3 value has been rescaled to 4/5 for our data). The 
plane jet data of Pearson and Antonia [53] lie below this line, 
partly because 

iso
ε  has been used instead of 

q
ε . For the jet 

and grid turbulence data of [28], 
iso

ε  was used. The large 

scatter associated with the active grid turbulence data of [48] may 
in part reflect the uncertainty in the estimation of ε  in this 

experiment. The above comments suggest that, evidently, caution 
is required when interpreting the good agreement of most of the 
experimental decaying turbulence data with the model. The 
model is unlikely to take fully into account the differences in the 
initial conditions that have been found to exist between different 

experiments. The variation in the peak value of ( )3* 1*u rδ −−  

for various wake data (fig.5), at nominally the same Rλ, supports 
the idea that a universal distribution is unlikely. This idea is 
consistent with the view (e.g., [30]) that simple shear flows do 
not reach universal asymptotic states. The results from the model 
are in close agreement with the prediction (dash-dotted line) of 
Lundgren [43] for 200Rλ >

�

. For lower values of Rλ, the model 

based on Eq.(18) is in satisfactory agreement with the grid 
turbulence data of [62] (the difference between 

iso
ε  or 

q
ε  

and the value of ε  estimated with Eq.(11) is quite small for 

these data). The measured and numerical data obtained in forced 
turbulence (denoted by filled-in symbols) seem to follow a 
separate distribution (it is unlikely that this distribution is unique 
in view of the documented effects if initial conditions for this 
type of turbulence); clearly the approach to 4/5 is much more 
rapid for these data and a value of 103 for Rλ may be sufficient 
for this type of turbulence to reach the Kolmogorov asymptote. 
This value is somewhat larger than the maximum value ( 460� ) 
for DNS data of Gotoh et al. [31]; this may need to be kept in 
mind when assessing DNS data with forcing. For decaying 
turbulence, a value of Rλ in excess of 105 (perhaps even 106) may 
be needed before the K41 asymptotic state is reached. This 
estimate is somewhat higher than that given in [63] where the 

Batchelor parameterization was used for modelling 2( *)uδ . 

The difference between hr  and r
�

 is of interest when enquiring 

into the possible existence of a scaling range. Fig.9 indicates 

that ( )log /hr r
�

 varies linearly with log Rλ . For 410Rλ ≥ , this 

range is equivalent to considering 50% of the maximum of 

( )3* 1*u rδ −− . Qian [54] adopted a slightly different criterion 

for identifying the extent of the inertial range, but obtained a 
similar linear dependence on Rλ (his figure 8). We recognize that 
there is inevitable arbitrariness in the definition of a scaling 
range; nonetheless, the dash-dotted line in Fig.9 indicates that Rλ  
should exceed 3×105 to achieve a 2 decades plateau in 

( )3* 1*u rδ −− .  

The inset in Fig.9 shows that the location of the maximum of 

( )3* 1*u rδ −−  approaches a constant value for 1.1r λ� . This 

trend appears to have been established for decaying turbulence 
[28,43,62]. However, Lundgren [43] showed that, in the case of 
linearly forced turbulence, the maximum is at a higher value, 

1.23r λ� , implying a different behaviour for forced turbulence.  
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Figure 6:  Variation with Rλ of the terms in Eq.(6), divided by rε , 

derived from a model of decaying isotropic turbulence, Eq.(18). Solid 
line: third-order structure function; dotted line: Iu; dashed line: viscous 
term.   
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Figure 7:  Kolmogorov-normalized second-order structure function of u, 

divided by *2 / 3r . Solid lines: model Eq.(18); •, measured grid 

turbulence data of [62] at Rλ =100.   

 
Concluding Comments 

The limiting values of 4/5 and 4/3, which appear in the stationary 

form of the transport equations for 2( )uδ  and 2( )qδ , 

represent asymptotic states corresponding to large Reynolds 
numbers. For laboratory flows, deviations from these values can 
be significant; even in the atmospheric surface layer, the 
deviations may not be negligible. The inclusion of the non-
stationarity or inhomogeneity (due mainly to the large scale 

motion) in the transport equation for 2( )uδ  and 2( )qδ  

allows some assessment to be made on whether a scaling range, 
albeit of restricted extent, is possible. Experimental and 
numerical results obtained in a number of different flows indicate 
that the magnitude of the inhomogeneous term, Iu or

 
Iq, can 

depend on various parameters, including initial conditions. In 



 

particular, across the scaling range, the magnitude of Iu (or Iq) is 
smaller for forced than decaying-type turbulence. Consistently, 

the maximum value of ( ) 13* *u rδ
−

−  approaches 4/5 more 

rapidly, as Rλ  is increased, in forced than in decaying-type 

turbulence. This trend seems to be convincingly supported by 
both measured and numerical data. Antonia and Orlandi [1] noted 
that significant differences also existed for statistics of small-
scale passive scalar ( ) fluctuations between forced and decaying 
homogeneous isotropic turbulence. One would expect that the 

Rλ  variation of the maximum value of ( )( ) 12* * *u rδ δθ
−

−  will 

exhibit a similar behaviour, in terms of the difference between 
forced and decaying-type turbulence, to that in Fig. 8. 
 

10
1

10
2

10
3

10
4

10
5

10
6

0.2

0.3

0.4

0.5

0.6

0.7

0.8

Rλ

m
ax

(〈
(δ

u* )3 〉r
*−

1 )

 
Figure 8:  Variation with Rλ  of the maximum of the normalized third-

order structure function of u. Solid line: based on model Eq.(18); ��

DNS data for forced box turbulence [30]; ����������� �	
� �	
����
	��

turbulence [26]; �, DNS data for decaying box turbulence [26]; ��

measured forced turbulence data [46]; ×, plane jet [53]; �, grid 
turbulence [62]; ◊, values measured by [28]; *, round jet (present data); 
�, 2D wakes data [10]; dash-dotted line: model of [43]; � grid 
turbulence [48]; dashed horizontal line: 4/5. 
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Figure 9:  Dependence on Rλ of log(rh/rl), solid line. The dash-dotted line 

corresponds to a range where ( )3* 1*u rδ −−  is ≥99% of 4/5. Inset: 

location of the maximum value of the third-order structure function, 

divided by rε , as a function of Rλ.  
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